Abstract. We study the behavior of the modular class of an orientable Poisson manifold and formulate some unimodularity criteria in the semilocal context, around a (singular) symplectic leaf. In particular, we show that the unimodularity of the transverse Poisson structure of the leaf is a necessary condition for the semilocal unimodular property. Our main tool is an explicit formula for a bigraded decomposition of modular vector fields of a coupling Poisson structure on a foliated manifold.
Introduction
The modular class Mod(M, Π) of an orientable Poisson manifold (M, Π) is a distinguished element of the first Poisson cohomology group H 1 Π (M ) and gives an obstruction to the existence of a volume form which is invariant under the flow of every Hamiltonian vector field [14, 22] . If the modular class is trivial, then such an invariant volume form exists and the Poisson manifold is said to be unimodular.
In the regular case, when the rank of the Poisson tensor Π is locally constant, we have the following fact [22, 1] : the modular class Mod(M, Π) is equivalent to the Reeb class Mod(S) of the regular symplectic foliation S of Π (for the case codim S = 1, see [8] ). For a transversally orientable regular foliation, the Reeb class is the obstruction to the existence of a closed transversal volume element [9] . This relationship leads to a geometric criterion: the triviality of the Reeb class of S is equivalent to the unimodularity of the regular Poisson manifold (M, Π) (see also [4] ). As a consequence, the unimodularity of a regular Poisson manifold only depends on its characteristic (symplectic) foliation rather than the leaf-wise symplectic form. Along with the standard approaches [9, 1] , one can characterize the Reeb class in different ways, for example, by using the Bott connection [22] or, as the modular class of the associated Lie algebroid [6, 12] .
In this paper, we are interested in a generalization of these results to the case of Poisson manifolds with singular symplectic foliations, for which it does not exist a direct analog of the Reeb class. For instance, some necessary conditions of unimodularity can be derived from the relationship between the modular class and the linear Poisson holonomy introduced in [7] . Our goal is to study the behavior of the modular class of an orientable Poisson manifold (M, Π) and formulate some unimodularity criteria in the semilocal context, around a (singular) symplectic leaf S. The semilocal Poisson geometry is related to the study of the socalled coupling Poisson structures on fibered or, more generally, foliated manifolds [18, 15] . As is known [18] , the Poisson structure near an embedded symplectic leaf S is realized as a coupling Poisson structure. In particular, this fact gives rise to the notion of a transverse Poisson structure P of the leaf S (if S is regular, then P ≡ 0). Therefore, we address the question on the study of modular classes to the class of coupling Poisson structures.
Due to local Weinstein's splitting theorem [21] , the unimodularity of Π in a neighborhood of a singular point is provided by the unimodularity of the transverse Poisson structure of the point. In the nonzero dimensional case, we describe some obstructions to the semilocal unimodularity of the leaf which are related to some "tangential" and "transversal" characteristics of S. In particular, we show that the unimodularity of a transverse Poisson structure P of S is a necessary condition for Mod(M, Π) = 0 (Proposition 8.1). Moreover, we prove that under the vanishing of the modular class of P , some cohomological obstructions possibly appear in the first cohomology of the associated cochain complex [17, 19] (Theorem 8.2). In the case when the neighborhood of the leaf is "flat", these obstructions are directly related to the Reeb class of a foliation (Theorem 7.2). In particular, this occurs in the regular case.
Our main results are based on an explicit formula for a bigraded decomposition of the modular vector fields of a coupling Poisson structure Π on a foliated manifold (Proposition 4.1). This formula involves the modular vector field of the Poisson foliation associated to Π, which is related to the Reeb class (Proposition 3.1) and whose foliated Poisson cohomology class can be interpreted in terms of a more general notion of the modular class of a triangular Lie bi-algebroid [12] . Also, we study the behavior of the unimodularity property under gauge equivalence [20, 2] (Proposition 5.1). A similar problem for the Morita equivalence of Poisson structures was studied in [7, 4] . This paper is organized as follows. In Section 2 we review some basic notions and facts about foliations. In Section 3 we study the relationship between the modular class of a Poisson foliation and the Reeb class. The modular vector fields of coupling Poisson structures are described in Section 4 by using bigraded calculus on foliated manifolds. Section 5 is devoted to the study of the behavior of the unimodularity property under gauge transformations. In Section 6 we derive some unimodularity criteria for coupling Poisson structures and find cohomological obstructions to the unimodularity. In Section 7 we examine the general unimodularity criteria for compatible Poisson structures on flat Poisson foliations. Here the cohomological obstructions take values on the foliated de Rham-Casimir complex. Finally, in Section 8 we apply the above results to describe the unimodularity in a neighborhood of a symplectic leaf.
Preliminaries: Orientable Foliations
We start by recalling some definitions and known facts about calculus on foliated manifolds (for details, we refer to [9, 11, 15] ). 
Then, the vector-valued 1-form γ ∈ Γ(T * M ⊗ V), defined as the projection pr V : T M → V along H in (2.1), is said to be a connection form on the foliated manifold (M, V). Conversely, every vector-valued 1-form γ ∈ Γ(T * M ⊗ V) with γ| V = Id V induces the normal bundle H := ker γ of V. Then, the curvature form
and controls the integrability of the normal bundle H. The connection γ is said to be flat if R γ = 0. Splitting (2.1) induces H-dependent bigradings of the exterior algebras of multivector fields and differential forms on M :
, where H 0 := Ann(H) and V 0 := Ann(V) denote the annihilators of H and V, respectively. For a multivector field A, the term of bidegree (p, q) in decomposition (2.2) is denoted by A p,q . We follow same notation for differential forms. Moreover, we have a bigraded decomposition for any linear operator on these exterior algebras. In particular, the exterior differential splits as d = d 
and (d γ 0,1 ) 2 = 0 (for the definition of the Lie derivative L R γ , see [11] ). It is clear that the canonical inclusion of the leaves of V in M induces a cochain complex isomorphism,
For each µ ∈ Γ(∧ • V * ), we will denote by µ γ ∈ Γ(∧ • H 0 ) the corresponding element under the above isomorphism. We use the same notation for cohomology classes. We will denote by
is well-defined by the standard formula.
Divergence 1-Form. Suppose that the foliation V on M is orientable, that is, there exists a nowhere vanishing element τ ∈ Γ(∧ top V * ), called a leaf-wise volume form of V. Therefore, the restriction of τ to each leaf L of V gives a volume form on L. For each X ∈ X pr (M, V), the divergence div τ (X) ∈ C ∞ (M ) with respect to τ is defined by the relation L X τ = div τ (X)τ .
Fix a connection form γ on (M, V) associated to a normal bundle H of V. Then, one can think of a leaf-wise volume form τ ∈ Γ(∧ top V * ) as a differential form τ γ ∈ Γ(∧ top H 0 ) vanishing only on the sections of H. Recall that H 0 and V are of the same rank k. The divergence is given by the formula
for any X ∈ X pr (M, V). Here, the bigraded decomposition of the k-form L X τ γ consists of the terms of bidegree (0, k) and (1, k − 1). Now, we observe that there exists a unique 1-form vanishing on vector fields tangent to V, θ 
Therefore, the 1-form θ γ τ ∈ Γ(V 0 ) can be called the divergence form associated to the pair (τ, γ). By using (2.6), (2.3), and (2.5), one can derive the following useful relations
for all X 1 , X 2 ∈ Γ pr (H) and each nowhere vanishing f ∈ C ∞ (M ).
The Reeb Class. Let V be a regular foliation of M . Consider the tangent bundle V = T V and its annihilator V 0 . We say that the foliation V is transversally orientable if there exists a nowhere vanishing element ς ∈ Γ(∧ top V 0 ). In this case, we say that ς is a transversal volume element of V. In particular, we
that the Lie derivative along every V-tangent vector field preserves the space of sections Γ(∧ top V 0 ). As a consequence, for each transversal volume element ς of V, there exists a unique foliated 1-form λ ς ∈ Γ(V * ) defined by the relation
Then, λ ς is a closed foliated 1-form, d V λ ς = 0. Moreover, by the standard arguments, the d V -cohomology class (foliated de Rham cohomology class) Indeed, this is consequence of the following computation for all X ∈ Γ(V):
Observe that in the flat case, R γ = 0, each leaf-wise volume form τ ∈ Γ(∧ top V * ) of V induces the transversal volume element τ γ of the integral foliation H of H. Furthermore, ∂ H := d 
The Modular Class of a Poisson Foliation
In this section, we describe the relationship between the modular class of a leaf-tangent Poisson structure on a foliated manifold and the Reeb class.
First, let us recall the definitions and some properties of modular vector fields and the modular class of a Poisson manifold [14, 22] . Let (M, Π) be an orientable Poisson manifold with Poisson bivector field Π on M . Denote by Π ♯ : T * M → T M the vector bundle morphism given by β,
} be the Lie algebras of Poisson and Hamiltonian vector fields on (M, Π), respectively. Then, the first Poisson cohomology is In terms of the interior product, the modular vector field can be also defined by
Here, i denotes the insertion operator which on decomposable multivector fields is given by 
It is clear that the characteristic distribution of P belongs to V, P ♯ (T * M ) ⊂ V, and hence each leaf L of V inherits from P a unique Poisson structure P L such that the inclusion ι L : L ֒→ M is a Poisson map. Therefore, M is foliated by the Poisson manifolds (L, P L ). Denote by Poiss V (M, P ) := Γ(V) ∩ Poiss(M, P ) the Lie algebra of all Poisson vector fields of P tangent to the foliation V. It is clear that, for every
Note also that the morphism P ♯ : Γ(V * ) → Γ(V) associated to the leaf-tangent Poisson structure P induces a linear mapping in cohomology (P ♯ ) * :
We call the quotient
Ham(M,P ) the first cohomology of the Poisson foliation (M, V, P ), which is just the first cohomology of the Lie algebroid (V * , ι • P ♯ , {, } P ). Here, ι : V ֒→ T M is the inclusion map, and {, } P denotes the bracket of foliated 1-forms induced by P [12] .
Suppose that V is orientable and fix a leaf-wise volume form τ ∈ Γ(∧ top V * ). The modular vector field of the Poisson foliation (M, V, P ) with respect to τ is the leaf-tangent vector field Z τ P ∈ Γ(V) defined by the equality
It follows from (3.1) that Z τ P ∈ Poiss(M, P ) and Z f τ P = Z τ P − P ♯ d f for all nowhere vanishing f ∈ C ∞ (M ). Hence, there is a well-defined cohomology class of the Poisson foliation (M, V, P )
which can be called the modular class of the Poisson foliation (M, V, P ), or shortly, the foliated modular class.
It is clear that in the case when a Poisson foliation V = {M } consists of a single leaf, the foliated modular class of (M, V, P ) just coincides with the modular class of the Poisson manifold (M, P ).
Note that the modular class of a Poisson foliation (M, V, P ) can be viewed as a particular case of the more general notion of the modular class of the corresponding triangular Lie bi-algebroid (V, P ), P ∈ Γ(∧ 2 V) [12, 13] .
The Poisson foliation (M, V, P ) is said to be unimodular if Mod(M, V, P ) = 0. Since the foliated differential d V and the leaf-wise volume form τ restrict to the exterior differential and a volume form τ L = ι * L τ on each leaf L of V, we conclude from (3.1) that the restriction of the modular vector field Z τ P to the leaf L is the modular vector field with respect to τ L of the Poisson structure
. Therefore, the unimodularity of the Poisson foliation implies the unimodularity of each leaf. But the converse is not necessarily true.
Here are some useful properties of the modular vector field of the Poisson foliation (M, V, P ). Note that,
, where [·, ·] denotes the Schouten-Nijenhuis bracket for multivector fields [5] . By definition (3.1), and from the standard commuting relations between the operators L X , d V , and i A , A ∈ Γ(∧ • V), we derive the following properties of the modular vector field Z τ
If, in addition to the orientability of V, the manifold M is orientable (or, equivalently, V is transversally orientable), then we have a relation between the modular class of the Poisson structure P on M , the modular class of the Poisson foliation (M, V, P ) and the Reeb class of V. Proposition 3.1. Let (M, V, P ) be an orientable and transversally orientable Poisson foliation. Then, the modular class Mod(M, P ) of the Poisson manifold P ∈ Γ(∧ 2 V) is related to the foliated modular class Mod(M, V, P ) and the Reeb class Mod(V) of V by the formula
Proof . Let τ ∈ Γ(∧ top V * ) be a leaf-wise volume form and ς ∈ Γ(∧ s V 0 ) a transversal volume element of V, s = codim V. Pick a connection form γ on (M, V) associated to a normal bundle H of V. Then, Ω := ς ∧ τ γ is a volume form on M . Let Z Ω P and Z τ P be the modular vector fields of (M, P ) and (M, V, P ) with respect to the volume forms Ω and τ , respectively. Consider also the 1-form λ γ ς ∈ Γ(H 0 ) given by (2.12). We claim that
Indeed, by bigrading arguments and equality (3.4), we get
Here we have applied, on the second and fifth steps, the identity
. Thus, we have proved (3.6), which implies (3.5).
The following corollary to Proposition 3.1 gives us a unimodularity criterion for a class of Poisson foliations coming from fibrations. Proof . Consider the regular foliation V := {π −1 (x)} x∈S on M associated to the projection π. The orientability of the base implies Mod(V) = 0 (see, Example 2.1). Then, by (3.5) , it suffices to show that Mod(M, V, P ) = 0. Fix a nowhere vanishing top section τ ∈ Γ(∧ top V * ), where V := ker dπ is the vertical bundle, and a family of trivializations
In the regular case, as a consequence of Proposition 3.1, we recover the result due to [22, 1] which says that the modular class of an orientable regular Poisson manifold is determined by the Reeb class of its symplectic foliation. Indeed, suppose that the Poisson manifold (M, P ) is regular with rank P = 2s. Let V = S be the symplectic foliation of P equipped with the leaf-wise symplectic form ω. Then, the canonical leaf-wise volume form τ = ∧ s ω of the symplectic foliation is such that the modular vector field of the Poisson foliation (M, S, P ) is zero, Z τ P = 0. If, in addition, M is orientable, then the symplectic foliation is transversally orientable. Therefore, in this case, formula (3.5) reads Mod(M, P ) = −(P ♯ ) * Mod(S).
Modular Vector Fields of Coupling Poisson Structures
Let V be a regular foliation of the smooth manifold M . Consider the tangent bundle V = T V and its annihilator V 0 ⊂ T * M .
Suppose we are given a V-coupling Poisson structure [18, 15] 
is a normal bundle of the foliation,
Then, the bigraded decomposition of Π with respect to (4.2) is of the form Π = Π 2,0 + Π 0,2 , where Π H := Π 2,0 ∈ Γ(∧ 2 H) is a bivector field of constant rank, with rank Π H = rank H, and Π 0,2 ∈ Γ(∧ 2 V) is a Poisson tensor on M tangent to the foliation V. Therefore, we can associate to the V-coupling Poisson structure Π the Poisson foliation (M, V, P := Π 0,2 ). Notice that the characteristic distribution of Π splits as Π ♯ (T * M ) = H ⊕ P ♯ (V * ). Hence, rank Π = rank H + rank P , so the set of singular points of Π and P coincide. Moreover, the restriction Π ♯ H | V 0 : V 0 → H is a vector bundle isomorphism and hence one can define an H-nondegenerated 2-form σ ∈ Γ(∧ 2 V 0 ), called the coupling form, by
Let γ be the connection form on (M, V) associated to the normal bundle H in (4.1). Then, the geometric data (γ, σ, P ) associated to the coupling Poisson tensor Π satisfy the following structure equations [18, 15, 19] [X, P ] = 0 ∀X ∈ Γ pr (H), (4.4) In particular, the first equation means that γ is a Poisson connection on (M, V, P ). Moreover, by the H-nondegeneracy property of the coupling form σ, the foliation V admits a canonical transversal volume element given by l times the product of σ, σ l := σ ∧ . . . ∧ σ ∈ Γ(∧ top V 0 ), where 2l := rank V 0 = rank H. Now, assume that V is an orientable foliation. Then, one can associate to each leaf-wise volume form τ ∈ Γ(∧ top V * ) of V a volume form Ω of M by Ω := σ l ∧τ γ . Moreover, recall that τ gives rise to the divergence 1-form θ γ τ ∈ Γ(V 0 ), defined by (2.6), and the modular vector field Z τ P of the Poisson foliation (M, V, P ), introduced in (3.1). We describe the modular vector fields of coupling Poisson structures in terms of these objects.
Proposition 4.1. Let Π be a coupling Poisson structure on the orientable foliated manifold (M, V) associated to geometric data (γ, σ, P ). Fix a leaf-wise volume form τ of V and consider the volume form Ω := σ l ∧ τ γ of M . If Z := Z Ω Π is the corresponding modular vector field, then the bigraded components of Z relative to the splitting (4.2) are given by
Proof . By the definition of the modular vector field Z and using the bigraded decompositions of d and Π, we have 
It is left to show
Consider the 2l-vector field given by l times the product of Π H , Π l H := Π H ∧ . . . ∧ Π H . Using again identities (3.7), (4.6) and the bigrading argument, we evaluate
From here and taking into account that
On the other hand, the curvature identity (4.5) implies the equality i Π H R γ = −P ♯ i Π H d σ which together with the above representation for Λ proves (4.9).
As mentioned above, the set of singular points of the coupling Poisson structure Π coincides with the set of singular points of its leaf-tangent part P = Π 0,2 . From the relations (4.7), we derive the following information on the behavior of the modular vector fields of Π at the singular points. Notice that the 1-form Λ ∈ Γ(H 0 ), arising in (4.9), just coincides with the 1-form λ γ ς defined by (2.12) for ς = σ l , whose d γ 0,1 -cohomology class gives the Reeb class of the foliation V. Moreover, by the curvature relation (4.9) and Proposition 3.1, we conclude that if γ is flat, R γ = 0, then
(4.10)
Now, let us consider the Lie algebra Poiss V (M, P ) of all V-tangent Poisson vector fields of P . Then, the projection γ : T M → V along H in decomposition (4.2) induces the linear mapping [17] 
from the first Poisson cohomology of (M, Π) to the first cohomology of the Poisson foliation (M, V, P ). As a consequence of Proposition 4.1, this map is natural with respect to the modular classes. 
Gauge Transformations
As we already mentioned above, according to [22, 1] , the unimodularity of an orientable regular Poisson manifold (M, Π) is equivalent to the triviality of the Reeb class of the characteristic (symplectic) foliation S of Π. In other words, this means that the unimodularity property is independent of the leaf-wise symplectic structure on S in the following sense: if Π is another regular Poisson structure on M which has the same characteristic foliation S, then the unimodularity of Π implies Mod(M, Π) = 0. But this fact is no longer true in the singular case. For example, let us consider on R 3 , with coordinate functions (x 1 , x 2 , x 3 ), the linear Poisson structure Π = 
This shows that Π is unimodular, while Π is not, even though they have the same characteristic foliation. On the other hand, there exists an equivalence relation for (possibly singular) Poisson structures, called the gauge equivalence [20] , which preserves the unimodularity property.
Let (M, Π) be a Poisson manifold. Suppose we are given a closed 2-form B on M such that the endo-
is invertible. Then, there exists a Poisson bivector field Π on M defined by the relation
and represents the result of Π under the gauge transformation induced by B [20, 2] . In this case, we say that Π is gauge equivalent to Π. The gauge transformation modifies only the leaf-wise symplectic form of Π by means of the pull-back of the closed 2-form B, preserving the characteristic foliation. Furthermore, gauge transformations preserve the unimodularity property. Proof . The modular class Mod(M, Π) of the orientable Poisson manifold (M, Π) is one-half the modular class of the cotangent bundle T * M of M with the Lie algebroid structure defined by Π [6] . As is known [20] , the map (5.1) induced by the gauge transformation is an isomorphism between the cotangent Lie algebroids associated to Π and Π. This proves the statement.
Unimodularity Criteria
Assume that on the orientable foliated manifold (M, V), we are given a V-coupling Poisson structure Π associated to geometric data (γ, σ, P ). Our point is to formulate some conditions for the unimodularity of Π in terms of the geometric data.
The following fact is a direct consequence of Corollary 4.4.
Lemma 6.1. The unimodularity of the coupling Poisson structure Π implies the unimodularity of the Poisson foliation (M, V, P ).
Therefore, a necessary condition for vanishing of the modular class of Π is Mod(M, V, P ) = 0. Moreover, it follows from Proposition 3.1 that the unimodularity of Π implies the unimodularity of the leaf-tangent Poisson structure P in the case when the Reeb class of the foliation V is trivial.
The next criterion follows from Proposition 4.1 and the following well-known fact [22] : a Poisson manifold is unimodular if and only if the modular vector field is zero with respect to a certain volume form. It follows that the unimodularity of Π is independent of the coupling form σ. In other words, the mapping
is a foliation-preserving transformation which do not alter the unimodularity property, provided that σ satisfies the nondegeneracy condition and the structure equations (4.5), (4.6) . This is also a "singular" analog of the fact that, for a regular Poisson manifold, the unimodularity is independent of the leaf-wise symplectic form. Now let us describe a special class of gauge transformations which preserve the coupling Poisson structures and naturally appear in the context of the averaging method [16] . Consider the case when the gauge form B is exact with a primitive µ vanishing along the leaves of the foliation V:
Then, assuming that the map (5.1) is invertible, one can show [16] that the Poisson structure Π resulting of the gauge transformation of Π is again V-coupling. Furthermore, if ( γ, σ, P ) is the geometric data associated to Π, then P = P and γ is related to γ by
Fix a nowhere vanishing section τ ∈ Γ(∧ top V * ) and let us look at the corresponding divergence forms θ γ τ and θ γ τ . By relations (2.7) and (6.2), for every X ∈ X pr (M, V), we have
Here, we used the identity (3.2). Formulas (4.7), (6.3), give the transition rule for the modular vector fields of Π and Π. Next, if Π is unimodular, then by Lemma 6.2 we can choose a leaf-wise volume form τ of V such that Z τ P = 0 and θ γ τ = 0. In this case, we have θγ τ = θ γ τ = 0. Hence by Proposition 4.1, if the modular vector field of Π with respect to the volume form Ω = σ l ∧ τ γ is zero, then the modular vector field of Π with respect to Ω = σ l ∧ τγ is also zero.
Cohomological Obstructions to the Unimodularity. By Lemma 6.1, a necessary condition for the unimodularity of the V-coupling Poisson structure Π on (M, V) is the unimodularity of the Poisson foliation (M, V, P ). We will show that this condition is not sufficient, since there exists a cohomological obstruction to the unimodularity of Π.
Consider the Poisson foliation (M, V, P, γ) equipped with the Poisson connection γ corresponding to the normal bundle H in (4.1). Then, one can associate to this setup the following cochain complex (
where the subspaces C p ⊂ Γ(∧ p V 0 ) are defined by There exists the following short exact sequence [17] :
where ρ :
γ is a morphism from a Lie subalgebra A γ ⊂ Poiss V (M, P ), associated to the pair (γ, P ), to the second cohomology space of (C • , d γ ).
According to Corollary 4.4 and (6.5), if Proof . By (4.4), every projectable section X ∈ Γ pr (H) is a Poisson vector field of P . Then, by using the condition Z τ P = 0, properties (2.7) and (3.3), we get
Note that any two leaf-wise volume forms for which the modular vector fields of the Poisson foliation (M, V, P ) vanish are related by multiplication of a Casimir function. Thus, it follows from the transition rule (2.9) that [θ Note that the coupling Poisson structure Π with P = 0 can be characterized as a regular Poisson structure whose symplectic foliation S admits a transversal foliation V, T M = T S⊕T V. So, in this case, the unimodularity criterion of Corollary 6.4 recovers the results due to [22, 1] .
Flat Poisson Foliations
Suppose we start with a Poisson foliation (M, V, P ) consisting of a regular foliation V on M and a leaftangent Poisson structure P ∈ Γ(∧ 2 V). Suppose we are also given a regular foliation F on M with properties: the tangent bundle F := T F is complementary to V = T V, T M = F ⊕ V, and every V-projectable section Z of F is a Poisson vector field on (M, P ), 
We say that a V-coupling Poisson structure Π on the flat Poisson foliation (M, V, P, F) is compatible if Π 0,2 = P and the Poisson connection γ induced by the normal subbundle H = Π ♯ (T * M ) satisfies the condition
This compatibility condition implies that d γ = ∂ F and hence the cochain complex (C • , d γ ) associated to Π coincides with the foliated de Rham-Casimir complex. Also, we say that Π is strongly compatible if there exists µ ∈ Γ(V 0 ) such that γ and γ 0 are related by (6.2). First, we formulate a unimodularity criterion for the class of strongly compatible Poisson structures which involves the injectivity condition (7.2). Conversely, under the injectivity condition (7.2), the unimodularity of (M, Π) is equivalent to (7.3).
Flat Coupling Poisson Structures. Let (M, V, P, F) be a flat Poisson foliation. Suppose we are given a ∂ F -closed, F-nondegenerated 2-form σ 0 ∈ C 2 , that is, ∂ F σ 0 = 0 and σ ♭ 0 | F : F → V 0 is an isomorphism. Then, one can define a coupling Poisson structure associated to the geometric data (σ 0 , γ 0 , P ):
where Π F ∈ Γ(∧ 2 F) is a bivector field defined by the condition that the restriction (Π F ) ♯ | V 0 equals to the inverse of −σ ♭ 0 | F . In this case, Π F is a regular Poisson tensor which together with P forms a Poisson pair. Since the symplectic foliation of Π F is just F, it is clear that Π flat is a compatible Poisson structure and Mod(M, Π F ) = −Π ♯ F (Mod(F)). Assuming that V is orientable and equipped with a nowhere vanishing section τ ∈ Γ(∧ top V * ), we define a volume form as Ω 0 = σ l 0 ∧ τ γ 0 , 2l := rank F. Then, the modular vector field of Π flat relative to Ω 0 is represented as Z
P . Under the injectivity condition (7.2), we conclude from (4.10) and Theorem 7.2 that Π flat is unimodular if and only if Mod(F) = 0 and Mod(M, P ) = 0. In this case, according to Proposition 5.1, a gauge transformation (5.1), (6.1) modifies Π flat preserving the unimodularity property.
Coupling Neighborhoods of a Symplectic Leaf
Let (M, Π) be a Poisson manifold and ι : S ֒→ M an embedded symplectic leaf.
By a coupling neighborhood of S, we mean an open neighborhood N of S in M equipped with a surjective submersion π :
and
where V = ker dπ is the vertical subbundle of π and H = Π ♯ (V 0 ) is the horizontal subbundle associated to Π. It is clear that conditions in (8.1) are equivalent to the splitting T N = H ⊕ V. Therefore the restriction Π| N is a V-coupling Poisson structure on N , where the foliation V = V π := {N q = π −1 (q)} q∈S is given by the π-fibers. Taking into account that the symplectic leaf S is an orientable manifold, we conclude that the Reeb class of V π is trivial (see Example 2.1). So, Π| N has a bigraded decomposition into a horizontal part of constant rank and a vertical Poisson tensor P ∈ Γ(∧ 2 V) vanishing at the points of S. The Poisson structure P is said to be a transverse Poisson structure of the leaf. The restriction P q := P | Nq of P to the fiber N q over every point q ∈ S just gives the transverse Poisson structure of q due to Weinstein's splitting theorem [21] . Moreover, the Poisson connection γ on N is defined by ker γ = Π ♯ (V 0 ) and the coupling form σ ∈ Γ(∧ 2 V 0 ) has the representation σ = π * ω +σ, where ω is the symplectic form on S andσ is a horizontal 2-form vanishing at S. For a given embedded symplectic leaf S, there exists always such a coupling neighborhood N [18] . In particular, one can choose N as a tubular neighborhood of S diffeomorphic to the normal bundle E = T S M T S of the symplectic leaf. If the normal bundle E is orientable, then N admits a volume form. Of course, this is true in the case when M is orientable. Hence, under the orientability hypothesis, the point is to study the germs at S of the modular vector fields of Π and the corresponding germified modular class.
First we formulate the following result.
Proposition 8.1. If the Poisson structure Π is unimodular in a neighborhood of the embedded symplectic leaf S, then there exists a coupling neighborhood N of S such that the transverse Poisson structure P of S is also unimodular.
Proof . The statement follows from Lemma 6.1, Proposition 3.1 and the fact that in a tubular neighborhood of S, the Reeb class of the fibration is trivial.
We say that the germ of the transverse Poisson structure at a point q ∈ S is unimodular if there exists a submanifold N q of M meeting the symplectic leaf S at q transversally, and such that Mod(N q , P q ) = 0. Theorem 8.2. Let S be an embedded symplectic leaf of an orientable Poisson manifold (M, Π) and q ∈ S a fixed point. Assume that the germ at q ∈ S of the transverse Poisson structure P q is unimodular. Then, one can choose a coupling neighborhood (N π → S) of S with properties: there exists a leaf-wise volume form τ ∈ Γ(∧ top V * ) of the vertical subbundle V π such that the modular vector field of the Poisson foliation (N, V π , P ) vanishes. Furthermore, the modular vector field of Π| N with respect to the volume form Ω = σ l ∧τ γ is tangent to the symplectic foliation and the corresponding modular class is given by Proof . Choose a coupling neighborhood N such that the Poisson fiber bundle (N π → S, P ) is locally trivial with typical fiber (N q , P q ). Then, by the proof of Corollary 3.2 we conclude that Mod(N, V π , P ) = 0. From Theorem 6.3, we derive the desired result.
Flat Coupling Neighborhoods. We say that a coupling neighborhood N π → S over the leaf S is flat if there exists a regular foliation F on N such that (i) the tangent bundle F := T F is complementary to the vertical subbundle V of π; (ii) each π-projectable section of F is a Poisson vector field (an infinitesimal automorphism) of the transverse Poisson structure P ∈ Γ(∧ 2 V); (iii) the foliation is compatible with the Poisson connection γ on N associated to the horizontal subbundle H in the following sense:
X − γ(X) is tangent to P ♯ (T * M ) ∀X ∈ Γ pr (F). Proof . By Theorem 7.3, the assertions of items (a) and (c) are equivalent. The equivalence of (b) and (c) follows from Proposition 3.1 and the orientability of the symplectic leaf S.
Suppose we are given a flat Poisson fiber bundle (π : M → S, P, F) over a symplectic base (S, ω). Assume that S is an embedded submanifold of M , the inclusion map ι : S ֒→ M is a section of π, T S F = T S and the vertical Poisson structure P ∈ Γ(∧ 2 V) vanishes at the points of S. Let γ 0 be the flat Poisson connection on the Poisson fiber bundle (π : M → S, P ) associated to the foliation F. Denote by hor γ 0 the corresponding γ 0 -horizontal lift and by ψ ∈ Γ(∧ 2 T S) the nondegenerated Poisson tensor of the symplectic manifold S. Then, putting σ 0 = π * ω, we get that formula (7.5) gives the following flat coupling Poisson tensor on M : Π flat = hor γ 0 (ψ) + P . It is clear that (S, ω) is a symplectic leaf of Π flat . Moreover, for a given horizontal 1-form µ ∈ Γ(V 0 ) on M vanishing along S, ι * µ = 0, there exists a neighborhood N of S in M , such that the gauge transformation (5.1), (6.1) associated to µ is well-defined. Therefore, N is a flat coupling neighborhood of S for the deformed Poisson structure Π flat . We get from Theorem 7.2 that the injectivity condition (7.2) together with Mod(F) = 0 and (8.2) provides the unimodularity of Π flat (see, Section 7).
